We investigate the zero entropy limit of the near horizon geometries of D = 4 and D = 5 general extremal black holes with SL(2, R) × U(1) D−3 symmetry. We derive some conditions on the geometries from expectation of regularity. We then show that an AdS 3 structure emerges in a certain scaling limit, though the periodicity shrinks to zero. We present some examples to see the above concretely. We also comment on some implications to the Kerr/CFT correspondence.
solution with an AdS 3 structure in the near horizon geometry, which is not expected for general extremal black holes. Thus, the emergence of AdS 3 is seemingly due to the special properties of the solutions.
In this paper, however, we find that the AdS 3 structure indeed emerges just by taking the zero entropy limit, S BH = 0, of the near horizon geometries of almost general extremal black holes with axial U (1) D−3 in D = 4 and D = 5. Here, the zero entropy limit, we mean, does not include the small black holes and massless limits -that is, the near horizon AdS 2 structure must not collapse. From a holographic point of view, an extremal black hole should correspond to the ground states of a superselection sector with fixed charges in the boundary theory. Therefore, some decoupled infrared theory is expected to live there, even when the degeneracy of the ground states vanishes. It suggests the existence of some scaling limit where the near horizon geometry remains regular 3 while the entropy goes to zero. This expectation requires some additional conditions on the general form of the near horizon geometry [31] [32] [33] in this zero entropy limit. In fact, these conditions are satisfied in the concrete examples which we will investigate later. Those conditions, in turn, prove to lead to the emergence of an AdS 3 structure. 4 We will see it in the concrete examples, too, and finally discuss some implications of our theorem to the Kerr/CFT. Organization of this paper is as follows. In §2 and §3, we start with general form of near horizon geometry of extremal black holes with SL(2, R) × U(1) D−3 isometry for D = 4 and D = 5 cases respectively. We then derive some conditions on the geometry in the zero entropy limit from the expectation of regularity, and show that they lead to the emergence of an AdS 3 structure. In §4, we consider the zero entropy limit for some concrete examples, including 5D Myers-Perry black hole [38] , 5D Kaluza-Klein black hole [39] [40] [41] and extremal black holes in 5D supergravity. In §5, following the argument of [20] , we explain some relation between chiral CFT 2 appearing in the Kerr/CFT and non-chiral CFT 2 expected to be dual to AdS 3 emerging in the zero entropy limit. In §6, we end up with the conclusions and discussions.
Four Dimensions
First we investigate the 4D extremal black holes. In §2.2 we will derive some conditions on the behavior of the near horizon geometry in the zero entropy limit, based on the expectation that the geometry should remain regular. In §2.3 we will show that those conditions guarantee that an AdS 3 structure always emerges as a covering space in the limit. Note again that, we do not consider the cases of massless or small black holes, where the near horizon AdS 2 structure collapses. For example, Kerr and Kerr-Newman black holes are excluded, 5 since they become inevitably massless when the entropy goes to zero.
We will give one of the simplest examples in 4D at the beginning of §4.
Near horizon geometry
We consider the near horizon geometry of the extremal and axial symmetric black holes. We assume the near horizon metric has the form as follows:
where A(θ), B(θ), F (θ) > 0, 0 ≤ θ ≤ π and φ ∼ φ + 2π. This geometry has an AdS 2 structure with an S 1 fiber on it, and in turn it fibrates on an interval parameterized by θ. This "standard form" of the near horizon metric is proven to be the general one for arbitrary theories with Abelian gauge fields and uncharged scalars, including higherderivative interactions in general [31] , so it is quite a general one. We will focus on the case without higher-derivative interactions for simplicity. The Bekenstein-Hawking entropy S BH for (2.1) is given as
where G 4 is the 4D Newton constant. On the other hand, the volume element d 4 V is
5 Kerr black hole can, though, be embedded in 5D as "Kerr black string", that is, Kerr ×S 1 . It can be regarded as a fast rotating Kaluza-Klein black hole with the Kaluza-Klein electric and magnetic charges Q = P = 0. By increasing Q and P from there, we can obtain a zero entropy black hole. 6 We turned the sign of k from [31, 42, 43] , so that it agrees with that of the rotation in terms of φ. 7 The functions A(θ), B(θ), F (θ) and the constant k are not arbitrary, because we assume that the geometry satisfies the equation of motion with appropriate matters.
Regularity conditions in zero entropy limit
Now we consider the zero entropy limit, S BH → 0, for the geometry (2.1). We are interested in black holes, and so the geometry should remain both regular and nontrivial in this limit. For this purpose, rescalings of the coordinates are allowed in general. But along the angular directions, we look at the whole region of the geometry since we regard it as a black hole. Therefore we focus on the scale where, generically, dθ ∼ 1, dφ ∼ 1.
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Furthermore, since (2.1) has a scaling symmetry (as a subgroup of SL(2, R))
for an arbitrary constant λ, we can fix the scale of the coordinate t by this transformation. So we always take dt ∼ 1. Under these conditions above for scales, A(θ) ∼ 1, F (θ) ∼ 1 is obviously required to prevent the geometry from collapse. Therefore we have to take B(θ) → 0 for S BH = 0. But at the same time, the volume element (2.3) has to remain nonzero and finite. The only way under the current conditions is to take
By using these new variables, (2.1) becomes
In order that the geometry does not collapse, the dtdφ term has to remain nonzero and it implies
However, in that case the dt 2 term becomes 8) which generically diverges. We can escape from this divergence only when
9)
8 In this paper, X ∼ Y means that lim X/Y is a nonzero finite value, while lim X/Y may be 0 for
Although we also use ∼ to describe periodic identifications, they can usually be distinguished clearly from the context. that is, B ′ (θ) should go to a θ-independent constant B ′ ≡ 1/k ′ in the ǫ → 0 limit. In terms of the original parameters, the zero entropy limit consistent with regularity implies
Using (2.7) and (2.9), the metric (2.6) is finally written in the ǫ → 0 limit as 11) showing the regularity manifestly. (Especially, if b(θ) → 0, this metric has a local AdS 3 structure in the null selfdual orbifold form [44] .) Then we can conclude that (2.10) is the general condition for the near horizon geometry (2.1) to have vanishing entropy while keeping itself regular.
AdS 3 emergence
Let us return to the original metric (2.1), and define a new coordinate φ ′ as
whose periodicity is given by
Using this coordinate, the metric (2.1) is written as
(2.14)
Under the limit (2.10), while formally regarding dr ∼ 1 and dφ ′ ∼ 1, the metric becomes
where we find an (not warped or squashed) AdS 3 structure, fibrated on the θ direction. Note that, however, to be really an AdS 3 , the coordinate φ ′ has to run from −∞ to ∞, while the period of φ ′ is 2π/k → 0 here. This makes (2.15) singular, and so the precise meaning of the form (2.15) is quite subtle and we leave it for future investigation. In the present stage, we interpret our "AdS 3 " above to emerge as a covering space of the original geometry. In other words, the AdS 3 is orbifolded by an infinitesimally narrow period.
This orbifolding may be regarded as a zero temperature limit of BTZ black hole, as was adopted in [20] . The AdS 3 structure can also be obtained directly from the zero entropy regular geometry (2.11). When we take infinitesimal r ′ , the dt 2 term turns to be subleading in r ′ expansion, by considering the diagonalization or eigenequation for the metric. Therefore the metric becomes 16) in the first order of r ′ . On the other hand, if we use φ again and regard dφ ∼ 1 in (2.15), the metric is rewritten as
Similarly to the discussion above, the dφ 2 term proves to be subleading, and so this metric also becomes (2.16) in the first order of ǫ, by using r ′ = ǫr. It means that the zero entropy regular geometry (2.11) itself has the infinitesimally orbifolded AdS 3 structure in the infinitesimal r ′ region. 10 
Five Dimensions
After the 4D case in §2, in this section we will examine the 5D case. Although it is more complicated than 4D case because of the existence of two rotational directions, we successfully show a similar theorem to 4D case, warranting the emergence of an AdS 3 structure.
Near horizon geometry
Let us consider 5D extremal black holes with two axial symmetries. We assume the metric has the form of [31] 
where
This is proven to be the general form under the same condition as the 4D case. The Bekenstein-Hawking entropy S BH for (3.18) is given as 20) where G 5 is the 5D Newton constant. The volume element d 5 V is
Modular transformations Since φ 1 and φ 2 forms a torus T 2 in the coordinate space, we can act the modular transformation group SL(2, Z) while keeping the metric to be the form of (3.18) and the periodicities (3.19) . If necessary for keeping k 1 , k 2 > 0. we redefine the signs of φ 1 and φ 2 at the same time. The generators S and T of this SL(2, Z) are defined by
respectively, although S always acts together with the redefinition of the sign ofφ 1 , behaving as a mere swapping
Under S ′ and T , the functions and parameters in (3.18) are transformed as, [45] 
Regularity conditions in zero entropy limit
Now we consider the regularity conditions in S BH → 0 limit for (3.20) . Here we explain the outline and the results. The details are given in Appendix A.
From exactly a similar discussion to that in §2.2, we take 27) and then it is required that
Obviously, divergence of B(θ) or C(θ) causes the dφ
term of the metric (3.18) to diverge, and so it is not allowed. Therefore, to realize (3.28), there are three possibilities for the behaviors of B(θ) and C(θ), depending on ether (or both) of them goes to 0 in the limit. However, by using the swapping transformation S ′ given in (3.24)(3.25), we can
show that all the cases are resulted in the case of
In this case, similarly to the 4D result (2.10),
has to be satisfied. In other words,
Finally, for remaining parameters k 2 and D(θ), the condition proves to be
. This is satisfied if and only if 
which is indeed regular. It is simply rewritten by defining
AdS 3 emergence
Now let us look at the metric (3.18), under the same limit (3.29) (3.31) (3.32), for the parameters as (3.35), but different scalings for the coordinates. Using the original coordinates, the metric is written as
(3.36)
Now we switch the coordinates from (φ 1 , φ 2 ) to (φ
We regard dφ
Then in the ǫ → 0 limit, (3.36) goes to
Manifestly, (3.38) has locally a form of a product of AdS 3 and S 1 , fibered on the θ-interval.
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Of course, the periodicities of φ On the other hand, in case D is not an integer, it may cause some new problem, perhaps depending on whether D ∈ Q or not. For, when we take a covering space over φ 1 and have a full AdS 3 , the Dφ 1 term will do nothing on the S
, regardless of the value of D.
In a similar way to the 4D case, the AdS 3 structure can be obtained from (3.35). When we take infinitesimal r ′ , the metric becomes 39) in the leading order of r ′ , and this coincides with that of (3.38).
11 At the same time, we notice that the rotation along the φ ′ 2 direction vanishes here and then the geometry is static. Therefore, we can say that the near horizon geometry in the zero entropy limit always results in the static AdS 3 case classified by [31] , though the periodicity goes to zero here.
Examples
In the previous sections, we systematically argued the form of the near horizon geometry and the emergence of the AdS 3 structure in the zero entropy limit. In this section, we consider some interesting examples of extremal black holes to demonstrate our discussions above. We see that the regularity conditions we derived are indeed realized in each case, and an AdS 3 emerges as a result of it.
We deal with a class of 5D vacuum extremal black holes and the ones in the 5D supergravity. The former includes the extremal Myers-Perry black hole and the extremal slow rotating Kaluza-Klein black hole as we will explain, while the latter includes the setup discussed in [20] .
Because the examples below are complicated, we give one of the simplest examples here. Let us consider the 4D extremal slow rotating dyonic black hole in Einstein-Maxwelldilaton theory [46] . In the near horizon limit, the geometry is written as 40) and the entropy is expressed as S BH = 2πJ √ u 2 − 1. HereQ,P , J are the electric charge, the magnetic charge and the angular momentum respectively, and u =PQ/G 4 J. The dilaton and the gauge field are regular. For the concrete expression of them, see [46] . Let us define φ ′ = √ u 2 − 1φ. Then, by taking a zero entropy limit u → 1 with J and φ ′ fixed to order one, the geometry turns out to be
This form is exactly the one we found in the previous section and we can see the AdS 3 structure in the first term. Notice that, by U-duality, this black hole is related to a broad class of extremal black holes appearing in string theory. Therefore, we can say AdS 3 structure emerges in the zero entropy limit of them, too. Extremally rotating NS5-brane is an another example and we can also see the emergence of AdS 3 structure in the zero entropy limit [34] .
Vacuum 5D black holes
For the purpose above, we consider 5D pure Einstein gravity with zero cosmological constant and then analyze vacuum 5D extremal black holes with two U(1) symmetries.
After Kaluza-Klein reduction along a S 1 fiber and switching to the Einstein frame, these black holes reduce to the extremal black holes in 4D Einstein-Maxwell-dilaton gravity discussed above. Here we concentrate on the cases with zero cosmological constant for simplicity, but generalization to the case with cosmological constant is straightforward. When SL(2, R) × U(1) 2 symmetry is assumed, the explicit form of the near horizon geometry of these black holes is classified by [42] . As for slow rotating black holes whose angular momenta are bounded from above and the topology of horizon is S 3 , it is written as
where For example, Myers-Perry black hole and the slow rotating Kaluza-Klein black hole have this near horizon geometry in the extreme as we will explain. As for the detailed relation between parameters, see Appendix B.
In order to make the regularity of the geometry manifest, we apply coordinate transformation so that new coordinates φ 1 , φ 2 have periodicity 2π:
Then the corresponding parameterk φ 1 ,k φ 2 are determined by a relationk =k
, and the explicit forms arē
By using the new coordinate, γ ij is written as
(4.53)
Then the total metric is
This is the "standard form" introduced in the previous section under the identification
As we explained the near horizon geometry, we consider the zero entropy limit of it. For this purpose, let us write down the expression of the entropy and Frolov-Thorne temperatures corresponding to φ 1 -cycle and φ 2 -cycle:
58)
According to the discussion of previous section, zero entropy limit corresponds to hf − g 2 = 0. As a nontrivial example, we consider c 2 → 0. This corresponds to the zero entropy limit of the extremal Myers-Perry black hole as can be seen by using the list of identification in Appendix B. By expanding with respect to c 2 , we have
and then
Moreover, since 
we have Now from (4.56)(4.57)(4.60)(4.61)(4.64)(4.65)(4.66), it is easily shown that all of the regularity conditions (3.29)(3.31)(3.32) are indeed satisfied in the current limit, with ǫ ∼ √ −c 2 . In order to see the regularity manifestly, we rescale the radial coordinate r = k φ 1 r ′ , rewrite the metric by using r ′ and then take c 2 → 0 limit. Explicitly, the metric turns out to be a regular form
Here, due to some annoying terms, AdS 3 factor does not appear but the regularity is manifest. The similar situation occurs in the setup of [20] when the radial coordinate is rescaled as above. Let us next return to the coordinate (4.54) and introduce ψ = φ 1 , φ = φ 2 corresponding to the angular variables of Myers-Perry black hole (see Appendix B). By regarding dψ ′ = dψ/k φ 1 and dφ as order one quantities and taking c 2 → 0, we obtain the metric in the zero entropy limit as
Here 0 ≤ σ ≤ c 1 /c 2 0 , φ ∼ φ + 2π and ψ ′ -cycle shrink to zero, as explained in the previous section. Therefore, up to the σ-dependent overall factor, the first term is AdS 3 with vanishing periodicity in ψ ′ direction.
As for the zero entropy limit, there is an another possibility corresponding to the extremal slow rotating Kaluza-Klein black hole. We first introduce L as a sufficiently large quantity and consider a limit
where quantities with prime are order one. In this case, up to leading order in 1/L expansion,
and
By introducing σ ′ = σ/L, we also have
in the leading order. Therefore, also in this limit, we can make sure that (4.56)(4.57)(4.71)(4.72) satisfy (3.29)(3.31)(3.32), with ǫ ∼ L −1 .
Let us next introduce a new coordinate (4.73) corresponding to the angular variables of the extremal slow rotating Kaluza-Klein black hole, and set φ ∼ φ + 2π and y ∼ y + 8πP , before taking the zero entropy limit. HereP is the magnetic charge of the Kaluza-Klein black hole. Detailed relations to the extremal slow rotating Kaluza-Klein black hole are summarized in Appendix B.
Then by regarding dφ ′ = dφ/k φ = dφ/(k φ 1 − k φ 2 ) and dy − 2P dφ (= 4P dφ 2 ) as order one quantities and taking the zero entropy limit as above, we have
Again, the period of φ ′ shrinks to zero in this limit. 
Black holes in 5D supergravity
Next we consider with the black holes in 5D supergravity, obtained from dimensional reduction of the rotating D1-D5-P black holes in the compactified IIB supergravity. They include the ones dealt in [20] , where they took the zero entropy limit from the fast rotating range. Unlike [20] , we do not require J R = 0 and work on the purely 5D reduced theory to clarify the emergence of the AdS 3 , because this system always has an AdS 3 structure along the uplifted Kaluza-Klein direction. We will take the zero entropy limit from the slow rotating range. The 6D form of the near horizon metric of this system was given in [15] 13 as
(4.80) 12 In this case in the zero entropy limit, actually we encounter another singularity than the one due to the shrink of S 1 -cycle in the AdS 3 factor. It appears at σ = 0 for (4.68) and at σ ′ = 0 for (4.74). 13 The current authors called it "very near horizon" geometry there, to distinguish it from the AdS 3 decoupling limit. We redefined some signs from there to agree with our convention here.
Here G 6 is 6D Newton constant, R is the Kaluza-Klein radius, J φ and J ψ are angular momenta, Q 1 , Q 5 , Q p are D1, D5 and Kaluza-Klein momentum charges respectively, and S BH is the Bekenstein-Hawking entropy. The zero entropy limit we want to take here is characterized by cancellation of the two terms in the root in (4.79), while keeping all the charges and angular momenta to be nonzero finite together with G 6 and R. From (4.78), it immediately means the limit of r + → 0.
(4.81)
After some short algebra, the metric (4.75) can be rewritten as
Because the y-cycle never shrinks or blows up from (4.83), we can safely reduce the system into 5D theory, with the dilatonic field Φ(θ), Kaluza-Klein gauge field A, 5D metric
and the Newton constant being G 5 = G 6 /2πR. Note that the gauge field A (4.84) is finite in this limit, although it is obvious from the finiteness of (4.75). Manifestly (4.90) has the very form of (3.18), and in the limit (4.81), the behaviors of B(θ), C(θ), D(θ) and k 1 , k 2 in (4.85)(4.86)(4.87)(4.89) do satisfy the conditions (3.29)(3.31)(3.32), under an identification ǫ = r + . In fact, in the limit the 5D metric goes to just the form of (3.38), with
This is a very special case of emergent AdS 3 , in that A(θ) is constant and so the AdS 3 is not fibered.
14 Furthermore, we see from (4.93) that, if J φ is J ψ times an integer, φ ′ 2 has a proper periodicity as we discussed in §3.3. In that case the spacetime is a direct product of an (infinitesimally orbifolded) AdS 3 and a squashed S 2 . Finally, the most special case is J φ = J ψ , that is, zero-entropy BMPV. In this case C(θ) = sin 2θ and so we obtain a non-squashed AdS 3 × S 2 , as was seen in [20, 24] .
Implications to the Kerr/CFT
In this section we shortly consider the correspondence between the central charges of the Kerr/CFT and AdS 3 /CFT 2 in the zero entropy limit. For simplicity we work on the 4D case here, but 5D case is almost the same.
Kerr/CFT in the zero entropy limit
Let us consider again the 4D metric (2.1),
First of all, for clarification of the discussions below, we transform this metric from Poincaré form to the global form,
This coordinates transformation (t, r, φ) → (t,r,φ) can be carried out without any change on the forms and values of A(θ), B(θ), F (θ) and k. For this geometry, the usual Kerr/CFT procedure with the chiral Virasoro generators
gives the central charge
The corresponding Frolov-Thorne temperature is 98) as usual. Therefore the entropy is
which of course agrees with S BH (2.2). In particular, near the zero entropy limit (2.10), the central charge (5.97) is expanded as In the last subsection, we examined the Kerr/CFT near the zero entropy limit. In this limit, the metric (5.95) itself becomes
in exactly the same way as (2.15). Since an AdS 3 structure is included, it is expected that this geometry has a non-chiral dual theory and the Kerr/CFT above is a chiral part of it. 15 We will partly demonstrate it below.
First we stress again that the AdS 3 is orbifolded by an infinitesimally narrow period (5.103). In this form of the metric, if we change the coordinates range as From this observation, we carry out a coordinates transformation and map the metric (5.102) from the form of an S 1 fibered AdS 2 to a more conventional AdS 3 form,
Corresponding to the coordinates range (5.104) for (5.102), this coordinate system (5.105) again covers the whole AdS 3 as a hyperbolic hypersurface, when we take
Now in the coordinate system (τ, ρ, ψ, θ), we can adopt, as the asymptotic symmetry generators for (5.105), the Virasoro generators obtained in [47] , or those recently proposed in [48] ,
By explicit calculation, both choices lead to the same result
This value exactly agrees with that of (5.100). It suggests that there are indeed some relations between the Kerr/CFT and the AdS 3 /CFT 2 coming from our emergent AdS 3 . Although they have been calculated under the periodicity (5.106), they are expected to be independent of it for the same reason as above -the central charges are local quantities in the dual CFT. From the periodicity (5.103), the Frolov-Thorne temperatures of the system could be identified as T L = 1/2πk and T R = 0, as in [20] . Then the entropy computed from Cardy formula is
It agrees with S Kerr/CFT (5.101), up to O(1/k 3 ) correction terms. This result is reasonable, or better than expected. For, from the first, (5.110) is reliable only for leading order of 1/k expansion, because the metric will be changed in higher order in 1/k.
Conclusions and Discussions
In this paper, we studied the zero entropy limit for near horizon geometries of D = 4 and D = 5 general extremal black holes with SL(2, R) × U(1) D−3 symmetry. We derived the conditions on the near horizon geometries of the black holes in the zero entropy limit, based on the expectation that they should remain regular. Then we found that they have AdS 3 structure in general, although the periodicity shrinks to zero. We presented some concrete examples, including extremal 5D Myers-Perry black hole, 5D Kaluza-Klein black hole and black holes in 5D supergravity to see the emergence. We also discussed some relation between the chiral CFT 2 appearing in the Kerr/CFT and the non-chiral CFT 2 expected to be dual to AdS 3 emerging in the zero entropy limit. There are possible generalizations of our consideration to other setups. For example, generalization to higher dimensional cases would be valuable, and finding more concrete examples would be also interesting.
Of course, there are many important points which should be addressed in order to understand the Kerr/CFT correspondence from the AdS 3 structures generally investigated in this paper. One of those which was not studied in this paper is what is an appropriate boundary condition. In particular, it is totally unclear how such boundary condition will be changed under the deformation to non-zero entropy black holes. We hope to return to these problems in near future.
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A Derivation of the Regularity Conditions in 5D
In this appendix, we give the detail of the derivation of the regularity conditions explained in §3.2.
Using r ′ in (3.28), the metric (3.18) is written as
Each term here must not diverge, therefore, from the finiteness of the dt 2 , dtdφ 1 , dtdφ 2 ,
In particular, (A.112d) means
then (A.112e) is always satisfied under (A.112f) and (A.112g).
A.1 Generality of B(θ) → 0, C(θ) ∼ 1
To achieve B(θ)C(θ) → 0 while satisfying the above conditions (A.112f) (A.112d), there are three cases to be considered:
Here we will examine the cases of (A.113b) and (A.113c), and show that they can be resulted in the case of (A.113a).
This case is expressed with ǫ in (3.28) as
Now (A.112g) leads to
so after acting the swapping transformation S ′ (3.25), we obtaiñ
Therefore this is clearly the case of (A.113a), especially with D = 0.
In this case, we introduce new small parameters ǫ 1 , ǫ 2 and rewrite the condition as Therefore we have successfully shown (3.31) and (3.32) to be the regularity condition for the geometry in the zero entropy limit.
B Some Relations
In this appendix we summarize the relations between the parameters c 1 , c 2 , c 2 0 appearing in §4.1 and physical quantities in the extremal Myers-Perry black hole and the extremal slow rotating Kaluza-Klein black hole [42] .
B.1 Myers-Perry black hole
The relation to Myers-Perry black hole is as follows. Let us first use a scaling symmetry When periodicities φ ∼ φ + 2π, y ∼ y + 8πP are imposed, this corresponds to the near horizon geometry of the extremal slow rotating Kaluza-Klein black hole. Then magnetic chargeP , electric chargeQ and angular momentum J are written as 
